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We derive an exact analytical solution for a transmission line of N single-mode intermediate optical fibers
that minimize the interconnection loss between any two dissimilar fiber modes that are well described by
that paraxial scalar wave equation. Our solution shows that N optimum intermediate fibers reduce the
original interconnection loss by a factor of least 1/ !N+1" and that the total interconnection loss is only a
function of N and the original direct interconnection loss. Our solution is not restricted to axisymmetric
fibers or mode fields and therefore could be useful for reducing the interconnection loss between microstruc-
tured optical fibers, between certain slab waveguides, or between fibers and optical sources or detectors.
© 2007 Optical Society of America
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The rapidly expanding variety of optical fiber designs
ensures that, despite the inherent difficulty, dissimi-
lar fibers must frequently be interconnected. When
interconnecting multimode fibers carrying a single-
mode signal, such as double-clad fibers, energy lost
from the operating mode at the interconnection point
can couple into undesirable high-order guided modes,
leading to gain competition and multipath interfer-
ence. In high-power devices, such as optical fiber la-
sers and amplifiers, interconnection losses can lead
to localized heating and associated reliability prob-
lems. Optical signals must also be transferred from
chips into optical fibers and vice versa. Although
there are alternate approaches for solving these prob-
lems by reducing the interconnection loss between
two dissimilar optical fibers1 or between a fiber and a
chip, the best option is often the use of one or more
intermediate fibers (also called bridge fibers or
matching fibers2) that are inserted between the
launching mode and the receiving mode (Fig. 1).

Although intermediate fibers necessitate more to-
tal interconnections, the total insertion loss can be
substantially lower than the loss of a single direct in-
terconnection. Previously there has been no accepted
procedure for designing the optimum intermediate fi-
ber(s) given two arbitrary dissimilar launching and
receiving fiber modes. Here we derive an exact ana-
lytical solution for the global optimum intermediate
fiber(s) for any two launching and receiving fiber
modes obeying the paraxial scalar wave equation. We
assume that the intermediate fiber is single mode
and that it is long enough to ensure that radiation
modes are fully attenuated, which is reasonable be-
cause radiation modes in single-mode fibers are typi-
cally attenuated by fiber coatings in less than 1 m.
We also assume that reflections are negligible, which
is reasonable because small amounts of diffusion in
the axial direction during conventional fusion splic-
ing is known to substantially suppress reflection be-
tween highly dissimilar fibers.1 Naturally this global
optimum yields lower loss than previous nonoptimal
suggestions2 and is much more general, since it is ef-
fective for any launching and receiving fiber designs,

including those with non-Gaussian transverse elec-
tric field profiles. Our methodology is not restricted to
axisymmetric fibers or mode field shapes and there-
fore could be suitable for interconnecting microstruc-
tured optical fibers or certain slab waveguides. When
the launching and receiving mode field shapes ex-
hibit weak wavelength dependence, our solution will
be effective over a wide bandwidth.

When a launching fiber’s signal mode, EA, encoun-
ters a receiving fiber’s mode, EB [Fig. 1(a)], the inter-
connection loss can be expressed in decibels as a
function of the overlap integral

LA,B
!0" = − 10 log10!!A,B

2 /!A,A!B,B", !1"

where the superscript (0) indicates that there are no
intermediate fibers present. The overlap integral !",#
in Eq. (1) is expressed as

!",# =# E"E#dA, !2"

where E" and E# are the real spatial amplitudes of
transversely polarized electric fields and the integra-
tion is performed over the entire cross-sectional area
of the modes. Typically EA and EB are the LP01 fun-
damental modes of the launching and receiving fi-
bers, but this derivation is equally valid for higher-

Fig. 1. (a) Direct interconnection between dissimilar fiber
modes. (b) Single intermediate fiber !N=1" situated be-
tween launching and receiving fibers. (c) N intermediate
fibers.
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order guided modes of the source or receiving fiber as
well. Note that the launching or receiving modes, EA
or EB, need not even be fiber modes at all, but instead
could be optically conjugate to a pinhole source or de-
tector.

Consider a transmission line consisting of N single-
mode fibers [Fig. 1(c)] connecting the launching and
receiving fiber modes. Any optical energy that is not
captured by the single guided mode of each interme-
diate fiber is assumed to be stripped out of the sys-
tem. From Eq. (2), the fraction of power transmitted
from launching mode EA to receiving mode EB is
given by

TA,B
!N" =

!A,1
2 !1,2

2 ¯ !N−1,N
2 !N,B

2

!A,A!1,1
2 ¯ !N,N

2 !B,B
. !3"

The total loss, LA,B
!N" , for N intermediate fibers is

LA,B
!N" = − 10 log10TA,B

!N" . !4"

Our problem is to find the electric field distribu-
tions of the intermediate fibers !E1

!N" ,E2
!N" , ¯EN

!N""
that maximize Eq. (3) given the launching and re-
ceiving fields (EA and EB, respectively). We create a
system of N equations by zeroing the functional de-
rivatives of Eq. (3) with respect to each intermediate
fiber, En:

0 =
dTA,B

!N"

dEn
!N" = TA,B

!N" $ 2En−1
!N"

!n−1,n
+

2En+1
!N"

!n,n+1
− 4En

!N"% , !5"

where the symbol n−1 is understood to mean A when
n=1 and n+1 is understood to mean B when n=N.

Since the !’s are constants, Eq. (5) shows that the
mode field of each intermediate fiber is a linear sum
of the preceding and subsequent mode field. This
means that all the intermediate mode fields can be
expressed as a linear sum of the launching and re-
ceiving mode fields:

En
!N" = an

!N"EA + bn
!N"EB, !6"

where an
!N" and bn

!N" are coefficients. It is interesting to
note that this equation implies that when EA and EB
have Gaussian transverse profiles, the optimum in-
termediate fields do not. For convenience we now
choose to normalize the launching and receiving
mode fields, EA and EB, such that

!"," = 1. !7"

When Eq. (6) is substituted into Eq. (5) and terms in-
volving the independent functions EA and EB are
grouped and zeroed we obtain [where the superscript
!N" has been ommitted for brevity]

2an =
an−1

an−1an + bn−1bn + !an−1bn + anbn−1"!A,B

+
an+1

anan+1 + bnbn+1 + !anbn+1 + an+1bn"!A,B

!8"

and another identical relation for b where a is ex-

changed everywhere with b. In both such equations
the symbol n−1 is understood to mean A when n=1
and n+1 is understood to mean B when n=N. Re-
markably, the entire system of 2N algebraic equa-
tions, and hence all the a!N" ,b!N", and the total opti-
mized loss, all depend only on N and !A,B.

Since the coefficients are only functions of !A,B and
N, but not direct functions of the spatial distribution
of the launching and receiving modes, the coefficients
will be the same when launching from EA into EB as
when launching from EB into EA. Therefore

an = bN−n+1. !9"

This means that when N is even there are only N
independent algebraic equations to be solved and
that when N is odd there are N+1 independent equa-
tions, since the coefficients of the centrally situated
intermediate fiber are equal [at n= !N+1" /2]:

a!N+1"/2 = b!N+1"/2. !10"

Since the system of algebraic nonlinear equations
derived from Eqs. (8)–(10) can be numerically deter-
mined, the optimization problem is essentially
solved. However, it is interesting to examine the so-
lution in more detail for a few specific cases.

When N=1 we are considering a single optimized
intermediate fiber, and Eq. (10) ensures that the elec-
tric field of this fiber’s mode is an equal sum of the
launching and receiving fields.

We find that

E1
!1" = a1

!1"EA + b1
!1"EB, !11"

where

a1
!1" = b1

!1" = 1/&2 + 2!A,B. !12"

So

L!1" = − 10 log10'!1 + !A,B"2/4(, !13"

where EA and EB are normalized according to Eq. (7).
Using Eqs. (1) and (13) one can show that L!1"

$L!0" /2. This inequality approaches an equality as
L!0"→0. In most practical situations when N=1, the
optimum intermediate fiber will reduce the total loss
by very nearly a factor of two.

An optimal transfer of optical energy across the en-
tire transmission line requires that the transmission
over any subset also be optimal. Therefore, even
when N%1, any optimal sequence of three fiber
modes must obey Eqs. (11)–(13), where EA is replaced
by the first fiber mode and EB is replaced by the third
fiber mode. Optimal fields for large N can be found
and by repeatedly applying Eqs. (12) and (13) to
neighboring fiber segments iteratively.

When N=2 we were unable to obtain a closed-form
analytical expression for an

!2" and bn
!2". Numerical or

perturbative techniques may be the only option for
explicitly solving this case. However, the optimal to-
tal loss, L!2", can be expressed in closed form as
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L!2" = − 10 log10)1

2

−
1

2
cos*arccos!1 − 2!A,B

2 " + 2&

3 +,3

, !14"

where EA and EB are normalized according to Eq. (7).
Using Eqs. (1) and (14), one can show that L!2"

$L!0" /3. This inequality approaches an equality as
L!0"→0.

When N=2m−1, where m is an integer, the optimi-
zation problem can be solved by recursion. Since
there will be a centrally situated fiber in this case,
from Eq. (10) we see that a2!m−1"

!2m−1"=b2!m−1"
!2m−1" and, follow-

ing Eq. (12),

a2!m−1"
!2m−1" = b2!m−1"

!2m−1" = 1/&2 + 2!A,B. !15"

The optimized field for the 2!m−1"th fiber, E2!m−1"
!2m−1", is

known and can now serve as the final receiving field
for the first 2m−1−1 fibers, whereas it serves as the
launching field for the final 2m−1−1 fibers in the se-
quence. This recursion enables us to obtain a closed-
form solution for the case of N=3!m=2":

a1
!3" = b3

!3"

=
&2&!A,B + 1 + 1

&2!A,B!!A,B + 1"3/2 + 2!A,B + &2&!A,B + 1 + 4
,

!16"

a3
!3" = b1

!3"

=
1

&2!A,B!!A,B + 1"3/2 + 2!A,B + &2&!A,B + 1 + 4
.

!17"

The optimal total loss, L!3", can be expressed as

L!3" = − 10 log10$1

2
+&1 + !A,B

8 %4

. !18"

Using Eqs. (1) and (18), one can show that L!3"

$L!0" /4. This inequality approaches an equality as
L!0"→0.

We have found that the optimal total optical loss
scales with the number of intermediate fibers as

L!N" $ L!0"/!N + 1", !19"

(see Fig. 2). Inequality (19) follows from Eqs. (13),
(14), and (18) for the cases of N=1,2,3 and has been
numerically verified for cases when N=2m−1 !m
'12". It is reasonable to assume that it holds gener-
ally. When N is large, our solution can be used to de-

sign a continuously varying transition between dis-
similar launching and receiving fiber modes, but such
a design ignores any energy that is lost to radiation
modes and subsequently recoupled later on.

In our solution we have specified the optimal elec-
tric field distributions as a function of the number of
intermediate fibers, N, and the launching and receiv-
ing field distributions, EA and EB. Practical imple-
mentation of this solution requires the determination
of the refractive index profiles that yield the desired
intermediate fiber mode fields, which can be obtained
by application of the paraxial scalar wave equation.3

In summary, we have derived an exact analytical
solution in the form of a system of nonlinear alge-
braic equations to the problem of the optimum elec-
tric field(s) for reducing the loss between two dissimi-
lar mode field profiles. Unlike previously suggested
approximations, the exact solution derived here is
quite general, as it applies to any fiber modes that
are well described by the paraxial scalar wave equa-
tion, including nonaxisymmetric mode field shapes.
This solution will be useful for designing intermedi-
ate fibers for interconnecting dissimilar optical fi-
bers, including microstructured optical fibers.

A. Yablon’s e-mail address is ayablon
@ofsoptics.com.
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Fig. 2. Total optical loss using (curve a, solid blue) one op-
timal intermediate fiber, L!1"; (curve b, solid green) two op-
timal intermediate fibers, L!2"; and (curve c, solid red) three
optimal intermediate fibers, L!3", as a function of original
direct interconnection loss, L!0". The corresponding dashed
lines show the asymptotes at small !A,B, which are given
by 1/ !N+1". For comparison, the nonoptimal design sug-
gested in Ref. 2 is shown (curved, solid black).
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